In this paper, using some results of the author on Hankel transform in the Schwartz and Gel fand-Shilov spaces, we characterize the integral operators of Hankel type which are isomorphisms between the spaces H of Zemanian. As a particular case, we obtain the classical Zemanian results on Hankel transform, some results of Méndez, and improve some results of Lee. Finally, we use these results to characterize the functions / of the Schwartz space which satisfy f™ ta+"f(t) dt = 0 for all n > 0 and a > -X .
INTRODUCTION
In [9] , Zemanian defined the spaces H (p > -j) as
(1) Hp = {feW°°((0, -t-oo)): Vzc, n > 0 \tk(CxD)nrxl2-ßf(t)\ < CkJ and he proved that the Hankel transform: /•OO (2) Hß(f)(x) = j f(t)Vxljp(xt)dt is an automorphism of the space H . In [5] , Lee generalized these spaces in the following way (similar to the Gel'fand-Shilov spaces), given a, ß > 0, A, B > 0, and p > -\, the space H 'a A is defined by He studied the nontriviality of these spaces and the Hankel operator (2) .
In this paper, we obtain the spaces H and H" B through the spaces S+ and S+ß (see [2, 3] ):
(5) S+ = {fe C°°((0, +00)): Vzc, n > 0\tk/n)(t)\ < Ckn} (6) S+aß = {/ef°°(0, +oo) : 3C, A , B > 0 Vzc, zz > 0|^/n)(/)l < CA"ßkkaknßn}
Using some results of [2, 3] , we characterize the operators defined in a similar form as (2) which are isomorphism between the spaces Ha and H". As particular cases, we obtain the classical results of Zemanian in [9] , those of Méndez in [7] and we improve those of Lee in [5, 6] .
Finally, we use our theorems to characterize the functions / of the space S+ which satisfy /0°° ta+nf(t) dt = 0 for all zz > 0 and a > -1 (this should be compared with Theorem 4.1 and 4.4 of [4] ). We also solve the problem which we had proposed in [4] .
Preliminaries
We consider the integral operators %fa :
Now, we state a theorem for the space S+ , which was proved in [2, Theorem 6.2] for the space Sx . The proof is based on [3, Theorem 2.5] and is analogous to that given in [2] . For a > 0 , another proof of this theorem can be found in [8] .
Theorem 1. For a > -1, the integral operator defined by (7) is an isomorphism of S+ onto itself and %"2 = Id. Now, we shall prove that this Theorem is the best possible in the following sense.
Theorem 2. Let a > -1 and H be the integral operator defined by H(f)(x) = fo° f(t)x"t Ja(sfxt)dt.
Then H is an isomorphism of S+ onto itself if and only if a = -a/2 and b -a/2 .
Proof. We consider the following subspace of S+ denoted by S+ n S : a function feS+nS if and only if f e S+ and /<n)(0) = 0 for all n > 0.
Let us assume that H is an isomorphism of S+ onto itself. Let c e R such that b + c = a/2 . We suppose that a + a/2 <$ N . Let /, g e S+ n S such that f(t) = tcg(t). Then H(f)(x) = H(fg)(x) = xa / g(t)tb+cJn(sfxl)dt = 2xa+a/2Jr(g)(x). Jo
Since a + a/2 <£ N and H(f) e S+ , we deduce that ^a(g)(0) = 0 for all g e S+ (IS . Now, let g be a C°°-function with support contained in pansion of Ja , we see that x Ja(x) is bounded when x tends to oo, so we get (10) \(xt)~a/2Ja(Vxl)\ < C if0<x,t.
From (9) and (10), we deduce that &ag(0) = ca¡™ a0g(t)f dt ¿ 0. As g e S+ n S, this shows that a + a/2 e N. Now, we suppose that c <£ N, so that fe~ $ S+ . Since H is an isomorphism of S+ onto itself, H(fe~x'2) i S+ , but H(tce~"2) ^2xa+a'2^a(e~"2), and as a + a/2 e N it follows that xa+a/2^a(e~'/2) e S+ . Hence c e N.
Let n , m e N such that b = a/2 -zz and a = -a/2 + m . By (8), we can write The Hankel transform. Now, we shall use the preliminary results to study the Hankel transform in the spaces Ha . Let /, ^ be two functions such that f(t) = g(t2). Formally, it is clear that
Using this formula, we obtain the following relation between the spaces defined in the introduction. As these spaces are Frechet ((11), (12)) or LF spaces ( (13)), using the Closed Graph theorem it is clear that T : 5'+(resp. S2f) -> H (resp.H a) defined by (II) Taking a = ß = -{ + p and a = ß = j + p, we obtain Theorems 3 and 4 of Méndez in [7] .
(III) Now, we'll improve the results of Lee in [6] . Indeed, we consider the spaces F defined by Lee in [6] Ffi = {feW°°((0, +oc)):3Ckn > 0 such that \xn(D2 + (2p + \)(x~xD))kf(x)\ < Ck n}.
By Remark 2 in [6] , it is clear that F = H_x/2 for all p> -\. So, if we take a = ß --j in the previous diagram, we have:
and so, h is an isomorphism of H_x/2 onto itself, i.e. h is an isomorphism of F onto itself and h -Id. Lee had proved that h is a continuous linear mapping from the space F into the spaces G , where F c G . Moreover, as the operator (7) is defined for a > -1 , the operator h defined by (11), is an isomorphism for p > -1 . This gives a partial answer to problem 1 in [6] . So, we have proved the following theorem:
Theorem 6. Let p > -1, then the operator h defined by (14) is an isomorphism of F onto itself and h -Id.
Dualizing, we can extend the operator h to the distributional space F1 as follows: if u e Fp then h (u) is defined by (15) (hft(u),f) = (u,hft(f)) for all feFp.
The following Theorem follows from Theorem 6.
Theorem 7. Let p > -1, then the operator h defined by (15) is an isomorphism of F' onto itself and h -Id.
,+o In a similar way, since the operator (7) is an automorphism of the space Sx from the diagram, (13) and taking a = ß = p , we obtain that the operator H i» defined by (2) is an isomorphism of H , ,2 onto itself. This improves the results of Lee in [6] .
Appendix
In this Appendix, we shall use Theorem 1 to give a characterization similar to [4, Theorem 4 .1] of the functions in S+ which satisfy /0°° f(t)ta+" dt = 0 for all zz > 0 and a > -1 . We need the following results:
Let a>-l,and &°(t) = (n\/(T(n + a + l))xl2Lan(t)f'2e~"2, where Lan(t) are the generalized Laguerre polynomials. It is well known that (-2^Q(0)" is an orthonormal system in L ([0, oo)). If y/ e S+ we define the a FourierLaguerre coefficients of y/ as an = f™ ta¡2y/(t)Jzf°(t)dt. it is easy to prove (see [2, proof of Theorem 6.2]) that the a Fourier-Laguerre coefficients of ^(/) are ((-l)"aj,Q )" where (a")n are the a Fourier-Laguerre coefficients of /.
Let <f> e L ([0, +oo)), and consider the following analytic function (¡> in the lower half plane:
r+oo .
4>(x)= / qj(t)e ,xt dt. Jo
Using the bilinear transformation W(z) = (-* + 2niz)/(2-+ 2niz), which transforms the lower half plane in the unit disc, we obtain the following analytic function d> in the unit disc: Finally, we solve the problem which we had proposed in [4] . Indeed, we prove the following theorem. Theorem 9. Let (f> e S+ , and an = /0°° <f>(t)Ln(t)e~'/2 dt. The following conditions are equivalent:
(a) cp e S+ n S and /0°° tk<f>(t) dt = 0 for all k>0. 
